We present results from an extensive study of 88 precessing, equal-mass black-hole binaries with large spins (83 with intrinsic spins | Si/m 2 i | of 0.8 and 5 with intrinsic spins of 0.9), and use these data to model new nonlinear contributions to the gravitational recoil imparted to the merged black hole. We find a new effect, the cross kick, that enhances the recoil for partially aligned binaries beyond the hangup kick effect. This has the consequence of increasing the probabilities of recoils larger than 2000 km s −1 by nearly a factor two, and, consequently, of black holes getting ejected from galaxies, as well as the observation of large differential redshifts/blueshifts in the cores of recently merged galaxies.
I. INTRODUCTION
The studies of black-hole binaries (BHBs) that immediately followed the 2005 breakthroughs in numerical relativity [1] [2] [3] soon revealed the importance of spin to the orbital dynamics [4] . One of the most striking result was the unexpectedly large recoil velocity imparted to the remnant due to an intense burst of gravitational radiation around merger [5, 6] . Recoil velocities as large as 4000 km s −1 were predicted for maximally spinning black holes [7] (in a configuration with both spins lying in the orbital plane, known as the superkick configuration). This prediction, which was based on a model for the recoil velocities that was linear in the individual spins of the merging holes [5, 8] , triggered several astronomical searches for recoiling supermassive black holes as the byproduct of galaxy collisions, producing several dozen potential candidates [9] [10] [11] [12] [13] [14] [15] [16] [17] . See Ref. [18] for a review.
Accretion effects [19, 20] would tend to align the spins of the BHs with the orbital angular momentum, suppressing the superkick and, apparently, the likelihood of observing large recoils. We recently found [21, 22] however, that there are nonlinear spin couplings that lead to even larger recoil velocities when the spins are partially aligned with the orbital angular momentum. These socalled hangup kick recoils can be as large as 5000 km s −1 (see Fig. 1 ).
In this paper we continue our exploration of unexpectedly large nonlinear contributions to the net recoil [21, 22] . Here we concentrate on equal-mass BHBs that precess. Our ultimate goal is to derive an empirical formula that takes into account all major contributions to the recoil (at least to the level of a few percent accuracy). This would be a near hopeless task if we just started with a set of random configurations. Rather, we propose a program for developing sets of configurations with exact or approximate symmetries that allow us to model the recoil term by term. For example, in the hangup kick configurations [21, 22] , the BHBs can be described by two parameters, the z component of the total The hangup kick configuration. Here S1z = S2z, while S1x = −S2x and S1y = −S2y. The hangup kick configurations are preserved exactly by numerical evolutions.
spin S z , and the in-plane component of ∆ ( ∆ ∝ S 2 − S 1 in the equal-mass case). If the generic recoil is also a function of ∆ z , those terms would be suppressed in the hangup kick configurations. Here we continue the exploration by evolving configurations that activate different possible terms for the recoil.
Not all nonlinear terms in the spins lead to large increases in the recoil [23, 24] . We therefore need to perform many diverse simulations to try to elucidate which nonlinear terms contribute significantly and which can still be ignored. Here we explore the effects of precession on recoils. We perform simulations of equal-mass, precessing BHBs, but also discuss the more general unequalmass case. We also extend the phenomenological formulas for predicting recoils to include higher powers of the spins, explicitly including up to fourth order, making use of discrete symmetry properties of the BHBs.
II. HIGHER ORDER RECOIL VELOCITY EXPANSIONS
Our approach to the modeling of recoil velocities of merged black holes is based on the numerical evidence that the vast majority of the recoil is produced by the anisotropic emission of gravitational radiation at the very last stage of the merger, i.e., when a common horizon forms (see, e.g. , Fig 4 below) . In order to model the dependence of the recoil on the spins of the individual holes (and the BHB's mass ratio), we were guided by the leading-order post-Newtonian (PN) expressions for the instantaneous radiated linear momentum [25] (higherorder PN couplings can be found in Ref. [26] ). As such, we will use the typical PN variables, individual BH masses m 1 and m 2 , total mass m = m 1 +m 2 , mass difference δm = (m 1 − m 2 )/m, mass ratio q = m 1 /m 2 , symmetric mass ratio η = q/(1 + q) 2 , total spin S = S 1 + S 2 , and ∆ = m( S 2 /m 2 − S 1 /m 1 ) (where S i is the spin of BH i). For convenience, we also define dimensionless spin parameters α i = S i /m 2 i . In terms of α i , the values of S and ∆ are given by S = m 2 ( α 2 + q 2 α 1 )/(1 + q) 2 and ∆ = m 2 ( α 2 −q α 1 )/(1+q). Of particular importance here will be the components of S and ∆ along the direction of angular momentumL, which we denote by the subscript , and the projection of the vector into the plane orthogonal toL, which we denote by the subscript ⊥. Thus, any vector can be written as V = V + V ⊥ , where V = (L · V )L and V ⊥ = V − V .
Although the PN approximation is not valid at the moment of the merger (PN theory does not even account for horizons), our ansatz is that the parameter dependence in these PN expressions yields a useful starting point for constructing empirical formulas for the recoil. Thus, a PN expression of the form F ( r, P ) · ∆, where F is a vector in the orbital plane, becomes a fitting term on our formula of the form A∆ ⊥ cos(φ), where φ is the angle between ∆ ⊥ and some weighted averaged direction of F , and A is a fitting constant. However, in general, we do not know the weighted averaged direction of F and instead measure the angle φ with respect to a fiducial directionn (typically, we choosen =r 1 −r 2 , the direction from BH2 to BH1) and add an angular fitting constant φ 0 to the formula, i.e. A∆ ⊥ cos(φ − φ 0 ). (The value of φ 0 obtained from the fit then gives the relative orientation between our fiducialn and the weighted averaged direction of F ).
We then verify that such PN-inspired formulas are accurate a posteriori by comparing our predictions to recoil results from other simulations. This is the basis of our phenomenological approach to the modeling of recoil velocities and can be summarized in an expression of the three components of the linear velocity in the individual spins of the holes [5, 7, 27] :
where
(1 + q) (1 + B H η) (α 2 − qα 1 )
e 1 ,ê 2 are orthogonal unit vectors in the orbital plane, and ξ measures the angle between the unequal mass and spin contribution to the recoil velocity in the orbital plane. The angles φ ∆ and φ S are defined as the angles between the in-plane components ∆ ⊥ and S ⊥ , respectively and a fiducial direction at merger (see Ref. [28] for a description of the technique). Phases φ 1 and φ 2 depend on the initial separation of the holes for quasicircular orbits. (Astrophysically realistic evolutions of comparable masses BHs lead to nearly zero eccentricity mergers.) Note that the expression for V m was determined in Refs. [29, 30] . The current estimates for the above parameters are [28, 29, 31] : A m = 1.2 × 10 4 km s −1 , B m = −0.93, H = (6.9 ± 0.5) × 10 3 km s −1 , K = (5.9±0.1)×10
4 km s −1 , and ξ ∼ 145
• , and K S = −4.254. Here we set B H and B K to zero, which is consistent with the error estimates in [27] Additional corrections from the hangup kick effect, and a new effect, which we will dub the cross kick effect, are examined here. We note that these new effects were found using equal-mass BHBs; thus their dependence on mass ratio is still speculative.
In our recent studies of BHB mergers we found that nonlinear terms in the spin play an important role in modeling recoil velocities [21] . Here we will investigate higher-order models for the recoil velocity based on the symmetry properties of its components [32] . In Boyle et al., [32] a new method for developing empirical formulas for the remnant BH properties was proposed. This new method was based on a Taylor expansion, using symmetry properties to limit the total number of terms. We combine the two methods by using PN-inspired variables for a Boyle et al. type of expansion. Fundamental to this construction is the behavior of the BHB under discrete operations such as exchange (X) of the black holes' labels (1 ←→ 2) and parity (P ) (x → −x, y → −y, z → −z).
A. Comparing Expansion Variables
We model higher-order contributions to the recoil using the PN variables ∆, S, η, and δm [26] . Note that we could use an alternative set of variables, which at first glance would appear to be simpler, such as S ± /m 2 = ( S 1 ± S 2 )/m 2 and drop the explicit η dependence (which can be reabsorbed in δm). For example, the recoil contribution due to unequal mass can be expressed as
and because
this is equivalent to the more usual (See Eq. (2) above)
The same equivalence can be shown for the variable ∆ = m.( S 2 /m 2 − S 1 /m 1 ). That is, since
we find
and hence ∆ can be reexpressed in terms of the alternative spin variables.
We can investigate which choices of expansion variables give the best fits with the fewest number of terms. For example, we can explore if the variables S and ∆ are really more advantageous then the pair S ± . To verify that the leading-order contribution to the out-of-plane recoil is best fit using ∆, we revisit the results from a previous paper [28] , where we considered the case of a larger spinning BH, with spin in the orbital plane, and a smaller nonspinning BH. In Fig. 2 , we show the results of fitting those data to the forms
The former assumes a leading η 2 dependence, but dis-
, while the latter is used to find the best leading power of η assuming the spin-dependence is proportional to S − and choosing functions that reproduce the equal-mass limit. We find that the best fit parameters are b = 0.993 ± 0.038 and b = 3.3 ± 0.2. The results clearly indicate that the leading-order recoil is best fit by η 2 ∆ ⊥ . After finding that the superkick effect is best modeled using η 2 ∆ as the spin variable, we can motivate our ansatz for a leading η 2 for the remaining spin-dependent terms in our empirical formula without appealing to PN theory. To do this, we examine the particle limit and use perturbation theory. Perturbative theory applies in the small-mass-ratio limit, but is otherwise a relativistic theory, and unlike the post-Newtonian approximations, it applies in the strong, highly-dynamical, regime.
Since the radiative perturbative modes are proportional to q, and the radiation of the linear momentum is proportional to the surface integrals of squares of these modes, the instantaneous radiated linear momentum is proportional to q 2 (which, by symmetry considerations, generalizes to η 2 ).
For the linear-in-spin terms, one can use the decomposition in Ref. [33] , where the spin of the large black hole is considered a perturbation of a nonrotating, Schwarzschild BH. Since this is a dipolar (Odd) = 1 term, it is nonradiative, and, in order to generate a radiative term, it must be coupled with an ≥ 2 radiative perturbation. To generate linear momentum, this spindependent radiative mode must couple with a non-spin dependent radiative mode (otherwise, the spin would enter at quadratic order). Again, the leading-order terms in the recoil are proportional to q 2 . A Taylor expansion of a function with v independent variables of a given order of expansion o has n terms, where n is given by [34] 
However, only certain combinations of variables are allowed. In order to take into account the correct combinations of variables for each component of the recoil velocity at a given order, we consider the symmetry properties summarized in Table I . The possible terms to a given expansion order in spin (i.e., products of S and ∆) are summarized in Tables II-IV. The terms in Tables III and IV are all multiplied by fitting coefficients. Note that the coefficients of these terms can depend on higher powers of δm (even powers for terms proportional to δm 0 and odd powers for terms proportional to δm).
TABLE III: Parameter dependence at each order of expansion for the off-plane recoil. Here 1 indicates terms present even in the equal-mass limit (and/or proportional to even powers of δm) and δm indicates terms proportional to δm to odd powers.
Interestingly, for the δm−independent terms, we can obtain the spin-dependence of the in-plane recoil from the spin-dependence of the out-of-plane recoil via
while for the δm−dependent terms that are odd powers in the spin variables, we have
On the other hand, for terms proportional to even powers of the spin variables, there are extra terms not present in V . In addition, functionally, the terms proportional to δm in V can be obtained from the δm-independent terms in V by
while for odd powers of the spins only, the δm-dependent terms in V ⊥ can be obtained from the δm-independent terms via
TABLE IV: Parameter dependence at each order of expansion for the in-plane recoil. Here 1 indicates terms present even in the equal-mass limit (and/or proportional to even powers of δm) and δm indicates terms proportional to δm to odd powers.
We can regroup all these terms (assuming we can collect all ⊥ terms) in the following form
The ten terms directly proportional to cos(ϕ) are those linear to the subindex ⊥
This (symbolic) expression is the one we will use in this paper.
There is a subtlety in the above expansion. Because S ⊥ and ∆ ⊥ are vector quantities, terms like ∆ ⊥ (1+S z +· · · ), etc., should really be expressed as C 1 ∆·n 1 +C 2 ∆·n 2 S z + · · · , wheren 1 andn 2 are unit vectors in the plane, i.e., not only are there fitting constants C 1 , C 2 , · · · , but each coefficient also has its own angular dependence. We will return to this issue in Sec. VI.
III. NUMERICAL RELATIVITY TECHNIQUES
For the black-hole binary (BHB) data presented here, both BHs have the same mass, but they have different spins. We use the TwoPunctures thorn [35] to generate initial puncture data [36] for the BHB simulations described below. These data are characterized by mass parameters m p1/2 , momenta p 1/2 , spins S 1/2 , and coordinate locations x 1/2 of each hole. We obtain parameters for the location, momentum, and spin of each BH using the 2.5 PN quasicircular parameters. Here we choose to normalize the PN initial data such that the total Arnowitt-Deser-Misner (ADM) energy is 1M . We obtain parameters m p1/2 using an iterative procedure in order to obtain a system where the two BHs have the same mass and the total ADM energy is 1M . This iterative procedure is most efficient when the horizon masses and ADM energy can be obtained from the initial data alone. For highly-spinning BHs (α = S/m 2 > ∼ 0.9), a relatively large amount of energy lies outside the BH. This energy is eventually absorbed, changing the mass of the BH substantially (see, e.g. [37] ). We therefore limit the spin of the BHs to α =≤ 0.8 for all but a few simulations.
We evolve these BHB data sets using the LazEv [38] implementation of the moving puncture approach [2, 3] with the conformal function W = √ χ = exp(−2φ) suggested by Ref. [39] . For the runs presented here, we use centered, eighth-order finite differencing in space [40] [44] infrastructure. The Carpet mesh refinement driver provides a "moving boxes" style of mesh refinement. In this approach, refined grids of fixed size are arranged about the coordinate centers of both holes. The Carpet code then moves these fine grids about the computational domain by following the trajectories of the two BHs.
We obtain accurate, convergent waveforms and horizon parameters by evolving this system in conjunction with a modified 1+log lapse and a modified Gamma-driver shift condition [2, 45, 46] , and an initial lapse α(t = 0) = 2/(1 + ψ 4 BL ), where ψ BL is the Brill-Lindquist conformal factor and is given by
where r i is the coordinate location of puncture i. The lapse and shift are evolved with
where we use η = 2 for all simulations presented below. We use AHFinderDirect [47] to locate apparent horizons. We measure the magnitude of the horizon spin using the isolated horizon (IH) algorithm detailed in Ref. [48] . Note that once we have the horizon spin, we can calculate the horizon mass via the Christodoulou formula
where m irr = A/(16π), A is the surface area of the horizon, and S H is the spin angular momentum of the BH (in units of M 2 ). In the tables below, we use the variation in the measured horizon irreducible mass and spin during the simulation as a measure of the error in these quantities. We measure radiated energy, linear momentum, and angular momentum, in terms of the radiative Weyl Scalar ψ 4 , using the formulas provided in Refs. [49, 50] . However, rather than using the full ψ 4 , we decompose it into and m modes and solve for the radiated linear momentum, dropping terms with ≥ 5. The formulas in Refs. [49, 50] are valid at r = ∞. We extract the radiated energy-momentum at finite radius and extrapolate to r = ∞ using both linear and quadratic extrapolations. We use the difference of these two extrapolations as a measure of the error.
Both the remnant parameter variation, and the variation in the extrapolation to infinity of the radiation underestimate the actual errors in the quantity of interest. However, because quantities like the total radiated energy can be obtained from either extrapolations of ψ 4 or, quite independently, from the remnant BHs mass, the difference between these two is a reasonable estimate for the actual error.
Our empirical formula will depend on the spins measured with respect to the orbital plane at merger. In Ref [28] we described a procedure for determining an approximate plane. This is based on locating three fiducial points on the BHBs trajectory r + , r 0 , and r − , where r + is the point wherer(t) (r(t) is the orbital separation) reaches its maximum, r − is the point wherer(t) reaches its minimum, and r 0 is the point between the two wherë r(t) = 0. These three points can then be used to define an approximate merger plane (see Fig. 3 ). We then need to rotate each trajectory such that the infall directions all align (as much as possible). This is accomplished by rotating the system, keeping the merger plane's orientation fixed, such that the vector r + − r 0 is aligned with the y axis. The azimuthal angle ϕ, described below, is measured in this rotated frame.
Our motivation for defining the orbital plane "at merger" is the observation that most of the recoil is generated near (and slightly after) merger. For example, Fig. 4 shows the recoil imparted to the remnant BH for the N45PH30 configuration. As seen in the plot, all but 16% of the recoil is generated "post-merger."
IV. SIMULATIONS
In this paper we consider four families of equal-mass, precessing, BHB configurations, which we will denote by S, K, L, and N. Initial data parameters are given in Tables XI and XII (found in Appendix A 1). These configurations are characterized by the spins of the two BHs on the initial slice. For 83 of the 88 simulations, the intrinsic spin of each BH in the binary α i = 0.8, with the exception of the N configurations, where the first BH has spin α 1 = 0.8 and the second is nonspinning. We also evolved a set of five N configurations (denoted by N9 below) where the spin of BH1 is α 1 = 0.9.
For the S configurations, S 1 = − S 2 , i.e., the total spin S is initially zero, while for the K configurations S 1z = −S 2z but S 1x = S 2x and S 1y = S 2y . The L configurations have the spin of BH1 entirely in the orbital plane, while the spin of BH2 is perpendicular to the plane, and finally the N configurations have BH1 spinning and BH2 nonspinning. We use the notation zTHxxxPHyyy, where z is N, N9, S, K, or L, xxx gives the inclination angle θ of spin of BH1 and yyy gives the orientation of the spin of BH1 in the initial orbital plane, i.e. the azimuthal angle φ. In order to fit the resulting recoils, we found that we needed at least six azimuthal configurations in the interval [0, 180
• ) for each θ configuration. This is due to the fact that we need to separate contributions due to cos 3φ from contributions due to cos φ (by symmetry, the recoil out of the plane cannot contain terms of the form cos nφ if n is even).
In all cases but N9, the computational domain extended to ±400M , with a coarsest resolution of h = 4M The points r+, r0, and r− correspond to the times wherer is maximized, zero, and minimized, respectively (denoted with arrows here). The plot below shows the trajectory, the points r+, r0, r− (large red dots) and the "merger" plane.
at the outer boundary. We used 9 levels of refinement, centered on each puncture, with radii 200, 100, 50, 20, 10, 5, 2, 0.6, respectively. For the N9 configurations, the computational domain extended to ±400M , with a coarsest resolution of h = 3.33M , and we used an additional level of refinement about BH1, with radius 0.35.
We chose these configurations for two main reasons, first each family of configurations can be described by a single azimuthal angle parameter φ and a single polar angle θ, and they activate different terms in our ansatz for the recoil. The former is necessary in order to reduce the computational costs. In general, four angular parameters are required in order to describe the spins at merger (two polar and two azimuthal). In order to model the polar and azimuthal dependence, we would need at least 6×6×6×6 = 1296 simulations (per choice of spin magni- tude, per choice of mass ratio). By reducing the dimensionality to two, we only need 36 simulations (per family, per α, per q). This reduction only works, however, if the two parameter family of initial data, maps in a straightforward way to a 2 parameter family of configurations at merger. In particular, we need the final configuration to be describable by a single azimuthal and polar angle. We note that this is not the case in general, and that we used PN simulations to tests the stability of various configurations. For the N configuration, the mapping to a single azimuthal angle is automatic because only one BH is spinning, for the other configurations, we verify that the configuration can be described by a single angle by comparing four different measurements of the azimuthal angle. The results are displayed in Table V, The K configuration. These can be thought of as a modification of the S configurations. There S1z = −S2z, while S1x = S2x and S1y = S2y, initially.
The L configuration is a modification of the N configuration, where S1 is aligned with the orbital angular momentumẑ and rather than having S2 = 0, S2 is varied initially in the orbital plane.
TABLE V: S, K, and L configuration angles. Here φ1 is the angle between the in-plane component of S1 for configuration PH0 and the corresponding PHXX configuration, while φ2 is defined using S2, φ∆ using ∆, and φS using S. These angles agree to within (3 − 15)
• , which justifies our using a single angle in our fitting formula for this configuration. For the S configurations, φS is ill-defined since S ⊥ is very small. that, to within about 3-15 degrees, the configurations are describable by a single angle.
V. RESULTS
Results from these 88 simulations are given in the tables in Appendix A 2 below. In Tables XIII and XIV we give the remnant BH mass and spin, as measured using the IH formalism, while in Tables XV and XVI,  we give the radiated energy, angular momentum, and recoil, as calculated from the waveform extracted at 60M, 70M, · · · , 100M and then extrapolated to infinity. We compare these two independent measures in Tables XVII and XVIII. Finally, in Tables XIX and XX, we give the spin of each BH near merger, and the final remnant recoil, in a rotated frame aligned with averaged orbital angular momentum at merger. For completeness, we also show in Table XXI the value of ∆ ⊥ , S ⊥ , ∆ z , and S z corresponding to the BH spin in Table XIX .
In order to analyze the results of the present simulations, we use the techniques developed in [28] . Briefly, we rotate each configuration such that the trajectories near merger overlap. We then calculate the spins in this rotated frame. This is done separately for each family of constant θ per configuration type (S,L,K,N). The angle ϕ is then defined to be the angle (at merger) between the spin of BH1 (the BH originally located on the positive x axis) for a given PHyyy configuration and the spin of BH1 in the corresponding PH0 configuration. Note that, for a given family of fixed spin and spin inclination angle θ, the angle ϕ and φ differ by a constant, which can be absorbed in the fitting constants φ 1 and φ 3 . We then fit the recoil in these sub-families to the form
Our tests indicate that V 1 can be obtained accurately with six choices of the initial φ i angles. For example, a fit of all the NTH45PHyyy configurations gives V 1 = 1349.0 ± 9.7 if we include all twelve angles (see Table XIX ), and V 1 = 1346 ± 22 if we include six angles. In all cases, V 3 is much smaller than V 1 . Results from these fits are given in Table VI and Fig. 9 . We note that there are additional approximations inherent in this procedure. To demonstrate this, consider the formula (19) where A, B, C, D, E are fitting constants. Even when considering "symmetric" configurations like S, K, L, and N, where S and ∆ cannot rotate independently, each term in Eq. (19) may be maximized at different azimuthal angles, and the formula should really be written as
wheren i are unit vectors in the orbital plane. If we make the additional assumption that the coefficient A dominates this expression, then Eq. (20) can be approximated by
where ϑ i is the angle betweenn i andn 0 . There will be terms proportional to sin ϑ i , but they will be O(1/A), which we will assume to be small enough to ignore. If, in addition, we assume that the angles ϑ i do not vary significantly between different configurations, then we can replace the fitting constants in Eq. (21) with the product of the constant and the corresponding cos ϑ i . We can then interpret V 1 from Eq. (18) as
we justify all our approximations by testing the resulting formula using several different families of configurations. The N configurations are the only ones with families of different θ (apart from the two angles for the K configuration). For these families, we fit the data in Table VI (blue-dotted) and V = V1 cos(ϕ − φ1) + v3 cos(3ϕ − 3φ3) (redsolid), as well as the residuals (blue circles and red squares, respectively). The remaining scatter is due to the fact that S ⊥ and Sz vary from configuration to configuration within the NTH45PHyyy and NTH135PHyyy families. Fitting of the KTH22.5PHyyy (left) and KTH45PHyyy (right) configurations to V = V1 cos(ϕ − φ1) (blue-dotted) and V = V1 cos(ϕ − φ1) + v3 cos(3ϕ − 3φ3) (redsolid), as well as the residuals (blue circles and red squares, respectively). Note how strong the higher-order contributions are compared to the other configurations. A fit of the NTHXXX families, with residuals, and a comparison with the hangup kick formula (black dotted) and superkick (more symmetrical, blue-dotted curve). An excess over both formulas at small angles is apparent, while a slight deficit with respect to the hangup kick is apparent at large angles.
to the form
where V hang is the hangup kick [21, 22] , which has the form
For consistency with our conventions in [21, 22] , we define α here to be α 1 /2. We note that S /m 2 = (1/2)α and ∆ /m 2 = α. We also note that, because α < 1/2 here, the extrapolation to α = 1 is more severe than in the original hangup kick configuration. Results from these fits are shown in Table VII . From the table, we can see that the C 1 term is consistent with zero. In subsequent fits, we remove this term and only include C 2 and C 3 (we also attempt a fit including a higher-order C 4 term, but this proved to have an unacceptably large error).
VI. MODELING THE RECOIL VELOCITY
As seen in Sec. II C, when considering the equal-mass case, and spin-contributions up through third-order, the Table VI ) to the form V1 = C1α sin θ + C2α 2 sin θ cos θ + C3α 3 sin θ cos 2 θ + C4α 4 sin θ cos 3 θ + V hang . Also included in parentheses are the fits we obtain when including N9 results. For the first fit, C4 was set to zero, for the second C1 (which was found to be consistent with zero) and C4 were set to zero. For the third. only C1 was set to zero. The uncertainty in the C4 coefficients makes using this term in extrapolative formulas problematic (e.g., the differences in the predicted velocity for N9 is under 1 km s −1 ). We therefore use the second fit in the analysis below. The values in parenthesis were obtained from fits that used the N9 results.
Coeff.
Correction most general formula for the out-of-plane recoil is
where A − H are fitting constants. The first line is part of the hangup kick recoil, the second and third are new contributions. The term proportional to G is small (if G were big, then the S configuration recoils would be significantly different from the hangup kick prediction). The H term is small, as we saw by evolving superkick configuration in [24] . Motivated by the hangup kick results, where the series A + BS + CS 2 had similarly larger values of A, B, and C, we will assume at this point that the term proportional to E is larger than the term proportional to F.
We therefore interpret the additional terms in Eq. (22) as being proportional to powers of ∆ and S and corrections to the hangup kick formula have the form 2C 2 S ⊥ ∆ +4C 3 S ⊥ ∆ S . Then, if we assume the same η 2 mass ratio dependence, our ansatz for the z component of the generic recoil becomes Comparison of V1 as fit from the current data and the predictions of the superkick, hangup kick, and cross kick (new) formulas. Note, there is an ambiguity in the sign of the cross kick correction for the S configuration (see text). Cross.(B) refer to the cross kick prediction using the second set of coefficients from Table VII (not including the N9 configurations) . We refer to this new contribution to the recoil, which has the form S ⊥ ∆ (2C 2 + 4C 3 S ), as the cross kick (since S ⊥ ∆ can be expressed asẑ · S × (n × ∆), wheren is a unit vector in the xy plane). The coefficients C 2 and C 3 were determined using only the N and N9 configurations. We then verify Eq. (25), in the equal-mass limit, by comparing the predictions from the new formula with the maximum recoil obtained from the S, K, and L configurations. Our results are given in Table VIII. The  table compares the measured value of V 1 for each family with the predictions of the superkick, hangup kick, and cross kick. In all cases, except S, the cross kick provides the most accurate prediction for V 1 . The results from the K configurations are particularly interesting since the measured recoils and the cross kick predictions are both ∼ 200 km s −1 larger than the hangup kick prediction (a 10-16% effect). For the S configurations, there is an ambiguity in the sign of the cross kick kick. This is due to the fact that the cross kick correction lies in the same direction as the hangup kick. Here, however, S = 0.005 ± 0.003 and the small hangup kick correction may have the wrong sign. If we assume S is really zero or slightly negative, we find that the cross kick prediction is the most accurate (with a prediction of 2015 km s −1 ). On the other hand, the N9 runs appear to show that there are still uncertainties in our modeling.
VII. DISCUSSION
The discovery that the hangup effect contributes significantly to the gravitational recoil of merging black hole binaries [21] implies that nonlinear spin couplings are crucial in describing those recoils. Nonlinear couplings come in a variety of combinations, as described in Sec. II. In order to evaluate which of those terms produce the largest contributions to the total recoil, we performed a large set of new simulations. These 88 simulations of precessing BHBs allowed us to confirm the relevance of the hangup kick effect in more generic runs, discover another important term that we named cross kick that appears in precessing binaries, and gives more accurate predictions for other families of BHB configurations.
While not as dramatic as the hangup kick effect, the cross kick may prove to be very important in the nonequal-mass regime. To help elucidate how this new contribution affects the recoil (for a given mass ratio), we plot the maximum recoil for configuration with a given mass ratio and with both BHs maximally spinning. As shown in Fig. 12 , the cross kick enhances the recoil (up to 600 km s −1 ) in the moderate mass-ratio range.
To see how the cross kick contribution to the recoil affects the net probabilities for large recoils, we revisit the case of the supermassive BH binary with spins aligned via hot and cold accretion [22] and non-aligned BHBs (i.e., dry mergers). Briefly, we consider a set of 10 million binaries chosen randomly with a spin-magnitude distribution and spin inclination angle distribution taken from [22] , and a mass ratio distribution taken from [51] [52] [53] . We assume a uniform distribution of spin directions in the equatorial plane (see Fig. 13 ). We find an increased probability of large recoils (V > 2000 km s −1 ) by a factor of ∼ 2 (see Table IX ). However, to generate these probabilities we used the assumption that all terms in Eq. (25) scale with the mass ratio as 16η
2 . This is a strong assumption that we will revisit in an upcoming paper. Additionally, we did not take into account new nonlinear terms proportional to δm that may also prove to be important.
As an aside, we note that the distribution of azimuthal orientations of the spin quantity ∆ ⊥ near merger may appear to be nonuniform. This is actually most pronounced The maximum recoil velocity predicted by the cross kick, hangup kick, and superkick formulas for BHBs with a given mass ratio and maximal spin. The inset shows the difference between the cross kick and hangup kick, and the cross kick and superkick, versus symmetric mass ratio.
for the α = 0.9 in our original hangup kick paper [22] (see Fig. 5 there) . However, this skew appears to be actually due to varying eccentricity, which leads to different inspiral times for different starting azimuthal configurations. To help confirm that there is not, in fact, a strong preference for any particular azimuthal angles, we evolved a set of 360 superkick configurations (with the spins aligned along φ = 0
• ), using 3.5 PN, from a separation of 10M down to 3M (note, we are not concerned with the accuracy of PN at 3M, rather, if there is any significant effect predicted by PN). The distribution of final azimuthal configurations was flat, with no strong preference or clumping. A plot of final versus the initial azimuthal angle φ is shown in Fig. 13 . There is a small sinusoidal effect at the level of 4 parts in 1000.
On the other hand, the relative orientation of S 1⊥ and S 2⊥ are correlated due to secular spin-resonant interactions in the post Newtonian regime. [54] [55] [56] [57] [58] (something not accounted for in Table IX ). One consequence of these spin interactions is that there is a tendency to drive the in-plane spin towards alignment or counteralignment [54, 57, 58] when the polar angle of the two spins are different (in a population, the degree of alignment of counter-alignment scales with θ 1 − θ 2 ). To model these effects, we examine how the recoil probabilities are modified if we assume the two extreme cases of alignment/counteralignment S 1⊥ ∝ ± S 2⊥ of the in-plane component of the spins. Results from these studies are given in Table X . From the table, we can see that alignment ( S 1⊥ ∝ S 2⊥ ) suppresses large recoils by a factor of about 4, while counteralignment ( S 1⊥ ∝ − S 2⊥ ) increases the probability of large recoils by a factor of 2-3.
By examining the N configuration (which have non- zero values for S , S ⊥ , ∆ , and ∆ ⊥ ), we found a new nonlinear term that amplifies the recoil. We verified this new effect by examining several other configurations (S, K, L). Since the N configurations are generic, in that all relevant spin parameters are non-trivial, it appears to be the case that there is no other large nonlinear contribution to the recoil for equal-mass BHBs. On the other hand, the unequal-mass regime, which is the subject of a major research effort by the authors, promises to hold many new surprises. The tables in this appendix provide useful information for modeling remnant properties and how they relate to the configuration of the progenitor BHB. These results can be used to improve, both quantitatively and qualitatively, the empirical formulas that describe the remnant mass and spin [27, 59] . They can also be used in the construction of alternative formulas to model recoil velocities. Although we have been able to accurately model the off-plane recoil and make predictions that fit new runs, the formulas become increasingly complex to model higher nonlinear terms in the spins and one can seek a simpler, more compact formulation of the remnant recoil.
TABLE XI: Initial data parameters. In all cases the puncture masses were chosen such that the total ADM mass of the binary was 1.0 ± 10 −6 M . Here the punctures are located at (x1,2, 0, 0) with momenta ±(0, p, 0) and spins S1 = (Sx, Sy, Sz). For the N configurations S2 = 0. The approximate initial eccentricities ei, eccentricities measured over the last orbit e f , and the number of orbits N , are also given. TABLE XII: Initial data parameters. In all cases the puncture masses were chosen such that the total ADM mass of the binary was 1.0 ± 10 −6 M . Here the punctures are located at (x1,2, 0, 0) with momenta ±(0, p, 0) and spins S1 = (Sx, Sy, Sz). For the S configurations the second BH spin is given by S2 = − S1, while for the K configurations it is given by S2 = (Sx, Sy, −Sz). Finally, for the L configurations, S2 = (0, 0, | S1|). The approximate initial eccentricities ei, eccentricities measured over the last orbit e f , and the number of orbits N , are also given. TABLE XV: Radiated mass, angular momentum, and the remnant recoil (in original frame) as calculated from ψ4. Errors quoted are from differences between to extrapolation to r = ∞. See Tables XVII and XVIII for 
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